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Quantity Discounted Transportation Rates,
Advertising and Industrial Location*

Yeung-nan Shieh**
Abstract

Assuming that a firm uses a single input available from one input source to produce
a single output to be sold in the output market, and transportation rates are a function
of distance only, Hwang and Mai (1988) recently pointed out that the equilibrium location
of the firm is independent of advertising if and only if the production function is
homogeneous of degree one. This result is consistent with Sakashita’s finding that
“‘demand functions play no role on the location decision of the firm as long as we assume
a linear homogeneous production function’’ (1967:120). However, as is well-known in
transportation economics, discounted for quantity, as well as discounted for distance
traveled are quite prevalent among the various modes of transportation. This paper
incorporates quantity discounts as a key variable into the transportation rate function.
By using the unconstrained optimization and the comparative static analysis, this paper
shows that the linearly homogeneous production function is not sufficient to insure the
independence between advertising and optimum location. This indicates that in general
Hwang and Mai’s proposition, the optimum location of the firm is independent of
advertising if and only if the production function is homogeneous of degree one, can
not be applied to the case in which the transportation rate is a function of quantity and
distance. It also shows that Hwang and Mai’s proposition holds if the elasticities of
transportation rate with respect to quantity are constant and identical.

1. Introduction

2. The Model
3. The Impact of Advertising on Location Decision
4. Concluding Remarks

*] am grateful to Monica Kuo for valuable conversations, three anynomous referees
and especially Professor C. C. Mai for very valuable comments, but I retain
responsibility for any errors. -

**Professor, Department of Economics, San Jose Sate University and University of
Alaska Fair Banks.
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1. Introduction

Recently Hwang and Mai (1988) investigated the impact of advertising
on the location decision of a firm in a linear space. Assuming that a firm
uses a single input available from one input source to produce a single output
to be sold in the output market, and transportation rates are a function of
distance only, Hwang and Mai established the following important

proposition.

Proposition HM. The equilibrium location of the firm is independent
of advertising if and only if the production function is

homogeneous of degree one. (Hwang and Mai, 1988:224)

They further noted that this proposition is consistent with Sakashita’s finding
that ‘‘demand functions play no role on the location decision of the firm
as long as we assume a linear homogeneous production function’. (Sakashita,
1967:120). However, as is well-known in transportation economics,
discounted for quantity, as well as discounted for distance traveled are quite
prevalent among the various modes of transportation. For example, Webber
(1984:53-54) pointed out that in 1965, railroads charged virtually the same
amount to ship either a five or a ten ton load of paper containers over a
short distance. On the other hand, Miller and Jensen (1978), Shieh and Mai
(1984), Ziegler (1986), Stahl (1987), and Gilley, Shieh and Williams (1988),
and other writers have incorporated quantity discounts into the location
theory and examined the implication of quantity discounts on the location
decision. '

The purpose of this paper is to investigate the effect of quantity
discounted transportation rates on the relationship between advertising and

location decision of the firm. It shows that Hwang and Mai’s proposition
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needs not hold unless the following condition is included. The elasticities
of transportation rates with respect to quantity shipped are constant and

identical for input and output.

2. The Model

Following Hwang and Mai (1988), we assume that location is confined
to a set of points along a line of length s between I, the market site of a
single output, Q, and J, the site of a single input M, as shown in figure 1.
x is the distance between I and the firm’s location point K, and (s-x) is the
distance between K and J. The profit maximizing location problem can be

specified as:

7 = [P (Q,A))—-tx][f(M)-[m+r(s—x)IM-cA (1

Figure 1  Location in Linear Space

X~ (s-x)

I K J

where t = x20Qb0 r — (s—x)31Mbl are transportation rates of output and
input; P(Q,A) is the inverse demand function of the firm at I; m is the given
base price of M at its source J, Q is output, A is the level of advertising,
and Pg < O, Pp > O; Q = f(M) with f)y > 0 and fjpy < 0; c is the price
per unit of advertising. It should be noted that the inclusion of quantity
as an argument in transportation rates constitutes the major departure from
Hwang and Mai’s model.

179



Journal of Social Sciences and Philosophy

Differentiating T with respect to choice variables, x and M yields the
first-order conditions for a maximum:

am/ex = —-tQ(l1+ay) + rM(1+a3) = 0 2)

IM/aM = [P(.)+pQQ]fM—tx(1+bo)fM—m—r(s—x)(1+b1) =0 (3

where a and aj are elasticities of transportation rate with respect to
distance. by and bj are elasticities of transportation rate with respect
quantity. For simplicity, we assume that a(, aj, bg, by are constant, and
(1+ag) > 0, (1+aj) >0, (1+bg) > 0, (1+by) >0.1 Note that the first term
in the right hand side of (2) is the market pull and the second term is the
material pull.

Given the second-order conditions, from (2) and (3), we can solve for
the optimal values of x and M in terms of A, m, and s:

Xx = x*(A,m,s) and M = M*(A,m,s) 4)

where the expressions for the partial derivatives such as ax*/2A and aM*/2A
can be obtained by applying the comparative static analysis.

3. The Impact of Advertising on Location Decision

To investigate the effects of advertising on x* and M*, we differentiate
(2) and (3) and apply Cramer’s rule to obtain

aM*/oA = (- 1/D)TMATxx 5)
ax*/oA = (1/D)TMABTxM (6)
T™MA = (PA+PQAQ)fEM (M
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xM = — (1+agdl+bgltfyy + (1+a1X1+by)r (8)
Txx = — (1+ag)et/ex)Q — (1+aj)ar/a(s—x)IM 9)
D = Tyx™M — (Wm)z (10)

where D > 0, wyxx < 0, if the second-order conditions are satisfied.
If output and advertising are either complements or independent.
TMA > 0, from (5), we can conclude that?

Proposition 1. An increase in advertising increases the input usage
and the sale if output and advertising are either complements or
independences.

This result is consistent with Hwang and Mai’s Proposition 1. (1988:227)
It indicates that Hwang and Mai's Proposition 1 holds even if transportation
rates are a function of quantity.

Next, we consider the impact of advertising on the location decision.
In general, the sign of (ax*/0A) can not a prior be determined, thus the effect
of a change in advertising on the location decision is indeterminate. If the
production function is homogeneous of degree n, i.e., fiyM = nQ. Using (2)
in (6) and (8), we obtain.

(ox*/5A) = —wpA(L+ag)1+b1XtQ@/DM){[(1+bg)/(1+bln-1)} (11)

where 1A > 0, t > 0,Q > 0, M > 0, D > 0, and (1+ag) > O,
(1+bg) > 0, (1+by) > 0, and, in general, (1+bg) # (1+b)). It is easy to
see that (ax*/0A) # 0, even if n = 1. In other words, the linearly
homogeneous production function is not sufficient to insure that the
optimum location is independent of advertising.

181



Journal of Social Sciences and Philosophy

This result is quite different from Hwang and Mai’s proposition 2
(1988:228). As is well-known in location theory, the optimum location is
found by taking into consideration the relative strength of two forces —
the market pull and the material pull. Each pull is comprised of the quantity
and marginal transportation cost components. If the production function
is linearly homogeneous, when transportation rates are a function of distance
only, a change in advertising changes output and input in same proportion.
It will not change the relative marginal transport costs of output and input,
and then the relative pulls of the market and the material. Thus, the
optimum location is independent of advertising. However, when
transportation rates are a function of distance and quantity, a change in
output and inputs will change the relative marginal transport costs. The
relative pulls of the market and material may be affected. Therefore, the
linearly homogeneous production function is not sufficient to insure that
the optimum location is independent of advertising.

From (11), we can obtain

0, if and only if (1+bg)n 2 (1+by) (12)

*/aA
(ax*/2A) p

VA

where (1+Dbg)n = the elasticity of total transport costs of output with respect
to the input, (1+bj) = the elasticity of total transport costs of the input
with respect to the input. They describe the impacts of input use on the
market pull and the martial pull respectively. Thus, we can conclude

Proposition 2. When the production function is homogeneous of
degree n, an increase in advertising will not change the optimum
location, if and only if the change of market pull offsets that of
material pull, and will move towards (away from) the market, if
and only if an increase in market pull is greater (less) than material

pull.
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Next, we consider that by = bj. The expression of (3x*/3A) in (10) can

be written as:
(ox*/2A) = - Al +ag)1l+b1)NtQ/MD)n—-1) (13)
Since D > 0, (1+ag) > 0, (1+bg) >0and TpA > 0, it is easy to show that

(ax*/2A) § 0, if and only if n (14)

ALV
[

Thus, we have

Proposition 3, When the elasticities of transportation rate with
respect to distance are constant, and the elasticities of
transportation rate with respect to quantity are identical, an
increase in advertising will not change the optimum location if and
only if the production function is linearly homogeneous, and will
move towards (away from) the market if the production function
is increasing (decreasing) returns to scale.

In other words, if the elasticities of transportation rate with respect to
quantity are identical, a change in output and input will not change the
relative transport costs. Therefore, the impact of advertising on optimum
location will be similar to the constant transportation rates case.

4. Concluding Remarks

We have incorporated quantity discounts as a key variable into the
transportation rate function and investigated the theoretical implications
of this variable on the relationship between advertising and location decision.

183



Journal of Social Sciences and Philosophy

Hwang and Mai’s study of location theory with the economics of advertising
in a linear space focused only on the case where the transportation rate
is independent of quantity shipped. Our analysis has generalized the work
of Hwang and Mai in the sense that their Proposition 2 can be easily obtained
from our model by assuming the elasticities of transportation rate with
respect to quantity shipped are zero, or constant and equal.

When the transportation rates are a function of quantity and distance,
we have shown that Hwang and Mai's Proposition 1 holds. Furthermore,
it is easy to show that Hwang and Mai’s propositions 3, 4, and 5 concerning
with advertising and social welfare in a linear space hold. We leave it to
the interested reader.

Notes

1. It should be noted that -1 < bg < 0 and ~1 < by < 0. I owe this point
to a thoughful referee.

2. It may be noted that mpp > 0, if output and advertising are either
complement (Pga > 0) or independent (P = 0). In Hwang and Mai
(1988:226), they also consider the case in which A < 0, i.e,, if output
and advertising are strong substitutes [PQ A < 0and - (PQ A) > Pal.
However, Tpma < 0 indicates an increase in advertising reduces marginal
revenue. This seems to be unlikely in any model of advertising, at least
in the region where advertising is optimally chosen. I owe this point to
a thoughtful referee.
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